CHARACTERS OF PRIME DEGREE 



EDITH ADAN-BANTE 



Abstract. Let G be a finite nilpotent group, \ and tf) be irreducible complex 
characters of G of prime degree. Assume that x(l) = P- Then either the prod- 
uct xip is a multiple of an irreducible character or is the linear combination 
of at least distinct irreducible characters. 



1. Introduction 

Let G be a finite group and Xt^P G Irr(G) be irreducible complex characters of 
G. We can check that the product of where xVKfiO = f° r an 3 m 

G, is a character and so it can be expressed as a linear combination of irreducible 
characters. Let rj(xip) be the number of distinct irreducible constituents of the 
product x^P- 

Fix a prime number p. Assume that G is a nilpotent group and x, ip S Irr(G) 
are characters of degree p. In this note, we study the product x^P- 

Theorem A. Let G be a finite nilpotent group, x an ^ "0 be irreducible complex 
characters of prime degree. Assume that x(l) = p. Then one of the following 
holds: 

(i) xtp * s the sum of p 2 distinct linear characters. 

(ii) x0 * s the sum of p distinct linear characters of G and of p — 1 distinct 
irreducible characters of G with degree p. 

(Hi) all the irreducible constituents of x^P are °f degree p. Also, either x^P * s 
a multiple of an irreducible character, or it has at least 2i— distinct irreducible 
constituents, and at most p distinct irreducible constituents, i.e. 

p+ 1 

either T)(x>p) = 1 or — - — < T](xip) < P- 
(iv) X'P * s an irreducible character. 

It is proved in Theorem A of [T] that given any prime p, any p-group P, any faith- 
ful characters x^ € h"r(P), either the product x^P is a multiple of an irreducible, 
or x^P is the linear combination of at least 2i- distinct irreducible characters, i.e. 
either r)(x' l P) = 1 or ^(xVO > It is proved in [4] that given any prime p and 

any integer n > 0, there exists a p-group P and characters </?, 7 £ Irr(P) such that 
r)(if"f) = n. Thus without the hypothesis that the characters in Theorem A of 
(T] are faithful, the result may not hold. In this note, we are proving that if the 
characters have "small" degree then the values that r](xip) can take have the same 
constraint as if they were faithful. 
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2. Proofs 

We are going to use the notation of [5]. In addition, we denote by Lin(G) = {x £ 
Irr(G) | x(l) = 1} the set of linear characters, and by Irr(Gmod N) = {x £ Irr(G) | 
Ker(x) > N} the set of irreducible characters of G that contain in their kernel the 
subgroup N. Also, denote by x the complex conjugate of Xi i- e - x(d) — x(d) f° r 
all g in G. 

Lemma 2.1. Let G be a finite group and x^ € Irr(G). Let oil, a<2, • ■ ■ > ct n , 
for some n > 0, be the distinct irreducible constituents of the product xip an d 
a±, d2, ■ ■ ■ , a n be the unique positive integers such that 

n 

Xip = ajQi. 

i=l 

If o;i(l) = 1, then ipoti = x- Hence the distinct irreducible constituents of the 
character XX are !(?> ~&ict2, ctict2, ■ ■ ■ ,aia> n , and 



XX 



ailG + ^a i (aia l )- 



i=2 

Proof. See Lemma 4.1 of [3] • □ 

Lemma 2.2. Let G be a finite p-group for some prime p and x G Irr(G) be a 
character of degree p. Then one of the following holds: 
(i) XX * s the sum of p 2 distinct linear characters. 

(to) XX * s ^e sum of p distinct linear characters of G and of p — 1 distinct 
irreducible characters of G with degree p. 

Proof. See Lemma 5.1 of [2]. □ 

Lemma 2.3. Let G be a finite p-group, for some prime p, and x,ip £ Irr(G) be 
characters of degree p. Then either ^(x^P) = 1 or r)(xip) > • 

Proof. Assume that the lemma is false. Let G and x, ip € Irr(G) be a counterex- 
ample of the statement, i.e. x(l) = "0(1) — P arL d 1 < ^(x^) < ^l - • 

Working with the group G/(Ker(x) f~l Ker(^)), by induction on the order of G, 
we may assume that Ker(x) f~l Kei(ip) = {1}. Set n = rj(xip)- Let 0, £ Irr(G), for 
i = 1, . . . , n, be the distinct irreducible constituents of xV 7 - Set 



(2-4) X^ = X> 



mi 
t=l 

where m, > is the multiplicity of #i in xV'- 

If xip n as a linear constituent, then by Lemma l2.1l and Lemma 12.21 we have that 
vix^P) ^ P- If X^P Las an irreducible constituent of degree p 2 , then xip £ Irr(G) and 
so rj(xip) = 1. Thus we may assume that 6*^(1) = p for i = 1, . . . , n. 

Since G is a p-group, there must exist a subgroup H and a linear character £ of 
H such that £ G = x- Then |G : iJ| = x(l) = p and thus H is a normal subgroup. 
By Clifford theory we have then 

p 

(2-5) Xif = I> 

i=l 

for some £i = £, . . . , £ p distinct linear characters of H . 
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Claim 2.6. H is an abelian group. 

Proof. Suppose that tpn € Irr(if). Since (£,^h) G = xi> by Exercise 5.3 of [5], and 
£i/jh & I rr (-£Oj ^ follows that either £tpH induces irreducibly, and thus 7?(x^) = 1, 
or £ipH extends to G and thus (£,i{jh) g is the sum of the p distinct extensions of 
iipHi i-G- ^(xVO = P- Therefore ipn Irr(G) and since H is normal in G of index 
p and iZ'(i) =p, V 7 is induced from some r G Lin(iJ). 

Since H is normal of index p, both £ and r are linear characters and thus 
Ker(£)nKer(r) > [#,#]. Observe that core G (Ker(£) n Ker(r)) = core G (Ker(£)) fl 
coreG(Ker(r)) = Ker(x) flKer(^). Since H is a normal subgroup of G, so is [H, H] 
and thus {1} = Ker(x) n Ker(-0) > [H, H]. Therefore H is abelian. □ 

By the previous claim, observe that also ip is induced by some linear character 
t of H and thus 

v 

(2-7) ^ = $> 

»=i 

for some t\ = t, . . . ,t p distinct linear characters of H. Observe also that the center 
of both x and ip is contained in H . 

Claim 2.8. Z(G) = Z(x) = Z(ip). 

Proof. Suppose that Z(x) # Z(^). Set [/ = Z(x) n Z(^). Either U is properly 
contained in Z(x), or it is properly contained in Z(ip). We may assume that U < 
Z(tp) and thus we may find a subgroup T < Z(tp) such that T/U is chief factor of 
G. Since H is abelian, Z(tp) < H and r G = V, then tpT — P t t and so = tx 

for i = 1, Because £ G = \, £ E Lin(ff) and T ^ Z(x), the stabilizer of 

£t is if. Thus the stabilizer of ^t^t in G is By Clifford theory we have that 
S,Ti e Lin(77) induces irreducibly and ^r^ are distinct characters for i = 1, .. . ,p. 
By (H2| we have that X i> = (^ff ) G = £(tl + ■ ■ ■ + r p )) G = (en) + • • ■ + (£t p ) g 
and thus ^(xVO = P- We conclude that such T can not exist and so Z(x) = Z(-0). 

Given any z e Z(x) and g <E G, we have z 9 = z (mod Ker(x)) since Z(G/ Ker(x)) = 
Z(x)/Ker(x). Hence [z,g] — z~ 1 z 9 lies in Ker(x). This same z lies in Z(ip) = Z(x). 
Hence [z,g] also lies in Ker(?/>). Therefore [z,g] £ Ker(x) fl Ker(i/)) = 1 for every 
z e Z(x) = Z(^i) and every g e G. This implies that Z(x) = Z(ip) = Z(G). □ 

Set Z = Z(G). Since Z is the center of G, £ = x and r G = V>, we have 

(2.9) xz = p£z and V>z = pr z . 
Because xz4>z = P 2 £,ztz, Ij2-4|) implies that 

(2.10) = pe Z Tjf 
for all i = 1, . . . ,n. 

Let Y/Z be a chief factor of G with Y < H. Since Z is the center of G and 
Z = Z(x), the set Lin(Y | £z) of all extensions of £z to linear characters is 
— (&)y, ■ ■ ■ , an d it is a single G-conjugacy class. By Clifford 

theory we have that 



(2-11) 



p 

XY = ^(&)y- 

i=l 
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Since H is the stabilizer of ry in G and = p, as before we have that the set 
Lin( Y | t z ) = {(ti) y = ty, (t2)y, ■ ■ ■ , (t p ) y } and 

p 

(2.12) = J2^ Y - 

i=l 

Claim 2.13. The stabilizer {g G G (£,yty) 9 = £,yty} of ^yty G Lin(Y) in G is 
H. 

Proof. Assume notation (|2.4[) . Suppose £,yt~y is a G-invariant character. Since 
|Y : Z\ = p and {yry is an extension of £zTz, it follows then that all the ex- 
tensions of £,z T z to Y are G-invariant. Thus by (|2.4p and (|2.10p . given any i, 
there exists some extension Vi G Lin(Y) of £z T z such that (#j)y = pv{. Thus 

{x^)y = EiLi ra i Q l ) Y = Y^l=\ m; X v i)Y = J27=i m iP v i ha s at most n < 2^- 
distinct irreducible constituents. On the other hand, by (|2.11[) and (|2.12p we have 

p p p 

(xVOv = Xi'V'y = (£2(&)Y)(^2(Tj)Y) = p^2fr(Tj) Y , 

i=l j=l j=l 

and so (xVO^ has p distinct irreducible constituents. That is a contradiction and 
thus G^ YTY = H. □ 

By Clifford theory and the previous claim, we have that for each i = l,...,n, 
there exists a unique character o~i G Lin( H | (yry ) such that 

(2.14) 6i = {a.i) G . 

If Y = H then \G : Z\ = \G : H\\H : Z| = p 2 . Since x(l) = ^(1) = P, by 
Corollary 2.30 of [5] we have that x an d V' vanish outside Z. Since #i(l) = p for 
all i and G : Z\ = \G : Z(0i)\ = p 2 , it follows that there exists a unique irreducible 
character lying above £,zi~z and thus ^(xVO = 1. 

2.15. Fix a subgroup X < H oi G such that X/Y is a chief factor of G. Let a, 
/3 G Lin(X) be the linear characters such that 

£x = ot and tx = P- 

Since o~i lies above £yTy G Lin(Y) for all i and X/Y is a chief factor of a p-group, 
there is some Si G Irr(X mod Y) such that 

(2.16) (ai) x = 5 t ap. 

Claim 2.17. The subgroup [X,G] generates Y = [X,G]Z modulo Z. 

Proof. Working with the group G = G / Ker(x), using the same argument as in the 
proof of Claim 3.26 of PQ, we have that [X, G] generates Y = [X,G]Z modulo Z. 
Since Z = Z(x), we have that Ker(x) < Z. Thus Z — Z/Ker(x) and the claim 
follows. □ 

2.18. Observe that G/H is cyclic of order p. So we may choose g G G such that 
the distinct cosets of H in G are H, Hg, Hg 2 , . . ., Hg p ~ 1 . 

Since x — £ G an d £x — ot, it follows from l2.15l that 



p-i 

Xx = « + a 9 H h a sP =y^a 

i=0 
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Similarly, we have that 

p-i 

3=0 

Combining the two previous equations we have that 

p— 1 p— 1 p— Xp— 1 

(2.19) xx^Px = GT^mE^) ^E« 9 *^' 

i=o j=o i=o j=o 

By ([131) and (|2~TB)l . we have that 

n n p— 1 

(2.20) ( X v)x - C£ m > e >)x = E m *E( iia ^]- 

i=l i=l j=0 

Claim 2.21. Lei g € G be as in \2.18\ For each i = 0, 1, . . . ,p — 1, there exist 
j G {0, 1, . . . ,p — 1} and o" g i G Lin(X mody) such that 

(2.22) a/? 9 ' = {a(3) 93 8 g ,. 

Also \{5 gi I i = 0, 1,2, ...,p- 1}| < n. 

Proof. See Proof of Claim 3.30 of [J. □ 

Claim 2.23. Let g G G be as in \2.18l Then there exist three distinct integers 
i,j, k G {0, 1, 2, . . . ,p — 1}, and some S G lrc(X mody), such that 

a(3^ = (a(3) 9r d, 
a(3 gl = (af3) 9 "S, 
a (33 k = ( a (3) gt 5, 

for some r, s, t E {0, 1, 2, . . . ,p — 1}. 

Proof. See Proof of Claim 3.34 of [J. □ 

Claim 2.24. We can choose the element g in \2.18\ such that one of the following 
holds: 

(i) There exists some j = 2, . . . ,p — 1 such that 

af3 9 = (a/3) 9 ", 

for some r, s G {0, 1, . . . ,p — 1} with r =/= 1. 

(mJ There exist j and k such that 1 < j < k < p, and 

a(3 9 = (a[3) gr S, 

a/3 9 ' = (a(3) 9S S, 

aps" = (a/3) gt 5, 
for some 5 G IrrfXmody) and some r,s,t € {0, 1, . . . ,p— 1} wit/i r ^ 1. 
Proof. Sec Proof of Claim 3.35 of [J. □ 
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Let g be as in Claim l2~24l Since X/Y is cyclic of order p, we may choose x G X 
such that X — Y < x >. Since H is abelian, we have [X, H ] = 1. Suppose that 
[x, g^ 1 ] G Z. Then a; centralizes both g~ x and if modulo Z. Hence xZ G Z(G/Z) 
and so [x, G] < Z. Since Y/Z is a chief section of the p-group G, we have that 
[Y, G]< Z and so [< x > Y, G] = [X, G] < Z which is false by Claim ^J7\ Hence 
[x,5 _1 ] G Y \ Z and so 

(2.25) Y = Z < y > is generated over Z by y = [x,<7 -1 ]. 

Since [Y, G] < Z we have that z = [y^g^ 1 ] G Z. If z = 1, then G = H < g > 
centralizes Y = Z < y >, since if centralizes Y < X bv l2.15[ and G centralizes Z. 
This is impossible because Z = Z(G) < Y. Thus 

(2.26) z = [y,g ] is a non-trivial element of Z. 

By (|2~25|) we have y = [x,^ 1 ] = x~ l x 9 ^ . By (|2~26|) we have z = [y,g^] = 
y~ x y a ■ Finally z 9 = z since zgZ. Since X = Z < x,y >< H is abelian, it 
follows that 

(2.27) z 9 ^ 1 = z, y 9 ~ 3 = yz j and x 9 ~' = xy J zw , 

for any integer j = 0, 1, . . . ,p — 1. Because <7 _p G 77 centralizes X bv !2.151 we have 

z p = 1 and y p z® = 1. 
Observe that the statement is true for p < 3 since then 2i_ < 2. Thus we may 
assume that p is odd. Hence p divides (?) = P( ' P 2 " 1 ^ and z® = 1. Therefore 

(2.28) y p = z p = 1. 

It follows that y\ z l and zw depend only on the residue of i modulo p, for any 
integer i > 0. 

2.29. Observe that Ker(£ z ) n Ker(r z ) < Ker(x) n Ker(V>) = 1 implies that z is 
not in both Ker(£z) and Ker(r^). Without loss of generality we may assume that 
tz{z) 7^ 1. Since [3 is an extension of tz, we may assume that (3{z) ^ 1. 

Claim 2.30. £ztz(z) is primitive p-th root of unit. 

Proof. Suppose that (6?t z )(z) = 1. Then (£ Z T Z )([y, = 1 and so {i Z T Z ) 9 {y) = 
(£,zT Z )(y). Since H is abelian, \G : H\= p, 8i lies above £ z tz for all i, and g G G\H, 
it follows that Y =< y, Z(G) > is contained in Z(0j). That is contradiction with 
Claim l2~T3l Thus (^zTz)(z) ^ 1. Since z is of order p and £zt~z is a linear character, 
the claim follows. □ 

Claim 2.31. Suppose that 

(2.32) a(3 9 = (a/3) 9 " 8, 
and 

(2.33) af3 9 ' = {a(3) gS S, 

for some j G {0,1,..., p— 1}, j 1, some S G Irr(XmodY), and some r, s G 
{0, 1, . . . ,p — 1}. Then 

(2.34) 5(x) =P(z) hjir - 1 \ 
where 2h = 1 mod p. 



CHARACTERS OF PRIME DEGREE 



7 



Proof. By Claim [2T301 and the same argument as in the proof of Claim 3.40 of PQ, 
the statement follow. □ 

Suppose that Claim (ii) holds. Then by Claim r2~3"Tl we have that 5(x) = 
fl(z) h 'i( r ~ 1 ^ and 8(x) = /3(z) hk ( r ~ 1 \ Since f3(z) = tz(z) is a primitive p-th root of 
unit bv I2.29| we have that hj(r — 1) = hk(r — 1) modp. Since r ^ lmodp and 
2h = 1 modp, we have that k = j modp, a contradiction. Thus Claim [2~. 241 (i) must 
hold. 

We apply now Claim [231] with 5=1. Thus 1 = 5{x) = f3(z) h ^ r - 1 l Therefore 
hj(r — 1) = Omodp. Since 2h = lmodp, either j = Omodp or r — 1 = Omodp. 
Neither is possible. That is our final contradiction and Lemma 12.31 is proved. □ 

Proof of Theorem A. Since G is a nilpotent group, G is the direct product G\ x G2 
of its Sylow p-subgroup G\ and its Hall p'-subgroup G 2 . We can write then \ = 
Xi x X2 and ip = tpi x 1P2 for some characters XW^i £ Irr(Gi) and some characters 
X2,i>2 S Irr(G 2 ). Since x(l) = p, we have that X2(l) = 1 and thus X2"02 G Irr(G 2 ). 
If V'(l) 7^ Pj since V'(l) i s a prime number, we have that ipi{l) = 1 and thus Xi^i 
is an irreducible. Therefore £ Irr(G) and (iv) holds. We may assume then that 
ip(l) = p and thus ^2(1) = 1< Then X21P2 is a linear character and so we may 
assume that G is a p-group. 

If nas a linear constituent, by Lemma 12.11 and Lemma 12.21 we have that (i) 
or (ii) holds. So we may assume that all the irreducible constituents of xV' are of 
degree at least p. If xV' has an irreducible constituent of degree p 2 , then x^ £ Irr(G) 
and (iv) holds. We may assume then that all the irreducible constituents of \i> 
have degree p. Since xV^l) = P 2 > ^ follows that ^(xVO ^ P- By Lemma l2.3l we have 
that either "q{x^) = 1 or ^(xVO ^ ano - so (^i) holds. □ 

Examples. Fix a prime p > 2 

(i) Let -E be an extraspecial group of order p 3 and (j> G Irr(E') of degree p. We 
can check that the product <j>4> is the sum of all the linear characters of E. 

(ii) In the proof of Proposition 6.1 of 2 , an example is constructed of ap-group 
G and a character \ 6 Irr(G) such that XX is the sum of p distinct linear characters 
and of p — 1 distinct irreducible characters of degree p. 

(iii) Given an extraspecial group E of order p 3 , where p > 2, and <j> £ Irr(_E) 
a character of degree p, we can check that <jxf> is a multiple of an irreducible. In 
Proposition 6.1 of [1J, an example is provided of a p-group G and a character 
X £ Irr(G) such that rj(xx) = I n 0; an example is provided of a p-group P 
and two faithful characters 5, e € Irr(P) of degree p such that r](5e) = p — 1. 

Let G be the wreath product of a group of order p with itself. Thus G has a 
normal abelian subgroup of N of order p p and index p. Let A £ Lin(iV). We can 
check that \ — X G and tp — (A 2 ) G are irreducible characters of degree p and xV" is 
the sum of p distinct irreducible characters of degree p. 

We wonder if there exists a p-group P with characters \,ip £ Irr(P) of degree p 
such that £±I < r)(xip) <p — l. 

(iv) Let Q be a p-group and k £ Irr(Q) be a character of degree p. Set P — QxQ, 
X = K x 1q and ip = 1q x t- Observe that x> V 7 and x^/ 1 are irreducible characters 
of P. 
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